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Abstract

The Border Ranges Fault System (BRFS) bounds the Cook Inlet and Susitna Basins, an
important petroleum province within south-central Alaska. A primary goal in the research is to test
several plausible models of structure along the Border Ranges Fault System using a novel threedimensional inversion utilizing gravity and magnetic data, constrained with other geophysical, borehole
and surface geological information. This research involves the development of inversion modeling
software using a Borland C++ compiler as part of the Rapid Application Development (RAD) Studio.
The novel inversion approach directly models known geology, and a priori uncertainties on the geologic
model to allow researchers to compare alternative interpretations. This technique to evaluate threedimensional structure in regions of extremely complex and poorly known geology can be applied in
other studies of energy resources.
The software reads an ASCII text file containing the latitude, longitude, elevation, and Free Air
anomalies of each gravity station as well as known gridded surface files of known topography and
subsurface units. The contributions of each node in the grid are computed in order to compare the
theoretical gravity calculations from a forward model to the gravity observations. The computation of
solutions to the linearized inversion yields a range of plausible densities. The user will have the option
of varying the body proportions or densities to observe changes in gravity.
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Chapter 1
Introduction
1.1

OVERVIEW
The Border Ranges Fault System (BRFS) bounds the Cook Inlet and Susitna Basins within

south-central Alaska. Due to the fact of its importance as a petroleum province, it is necessary to
effectively and accurately map its geologic structure using a novel three-dimensional inversion
approach. This approach will utilize gravity and magnetic data along with surface geological
information, borehole data, and other geophysical features to constrain the inversion problem. The
forward potential field models are based on conventional gridded surfaces bounding geologic units
where density or magnetic susceptibility can be varied by the researcher. The known geology of the
region will be modeled directly. The use of a priori information will help to address the issue of
numerous uncertainties on the geologic model to allow researchers to compare alternative
interpretations. This technique to evaluate three-dimensional structure in regions of extremely complex
and unknown geology can be applied in other studies of energy resources.
1.2

MOTIVATION

Previous modeling of the BRFS using geophysical data has been limited due to the complexity of
local geology and structure, both of shallow crustal features and the deeper subduction zone. Since the
inversion is based on a sequence of gridded surfaces, it is feasible to develop software to help build
1

these gridded geologic models. Without a way to modify grid surface elevations, density, and magnetic
susceptibility in real time, the inversion process for the geologist would be highly nonlinear and poorly
constrained, especially in regions of complex structural geology. Without a basic understanding of the
geometry of the BRFS, its role in the formation and petroleum generation processes of the upper Cook
Inlet and Susitna Basins is poorly understood.
There are several motivations for this research. First, it allows geologists to understand how forearc basin systems evolve and allows for study of how the geologic structures respond to ground shaking
during earthquakes. This research is of special interest for petroleum companies in finding good drilling
sites. Also, the United States Department of Defense is often interested in obtaining accurate gravity
profiles for the successful navigation of missile systems, thus helping to ensure national security.
1.3

PROPOSAL OUTLINE

Chapter 2 deals with the model generation and problem formulation.
Chapter 3 will address the mathematical approach of the linearized, iterative inversion, the minimization
of the L2 norm, and the role of the Kalman-Type Estimator.
Chapter 4 will describe the preprocessing of the field data and the overall proposed program flow of the
inversion software
Chapter 5 will show some preliminary results and areas of future work.

2

Equation Chapter 2 Section 1
Chapter 2
The Inverse Problem and Model

I will begin the description of the inverse problem with a formal definition of the gravitational
quantity that is acquired through data collection and its relationship to the earth's geologic structure. We
will also observe the use of the gravitational contribution, global positioning, and distance to allow us to
compute densities over a grid of locations related to various structural models. The location information
will be provided by the research field team and will also include information from Digital Elevation
Models (DEMs) provided by the United States Geological Survey (USGS) and other governing agencies
such as the State of Alaska.
2.1

PROBLEM

FORMULATION

From Newton's Universal Law of Gravitation, the force between two point masses is
proportional to the product of the masses and inversely proportional to the square of the distance
between them,

Fg  G

m1m2
r2 .

(2.1.1)

Using Newton's Second Law of Motion in conjunction with (2.1.1), we can rewrite the gravitational
force by assigning m1 to represent a point mass under consideration. By allowing m2  mE to be the mass
of the earth, the acceleration due to earth's gravity of a particular point mass can be written as

g G

3

mE
.
r2

(2.1.2)

Gauss’ Law of Gravitational Flux is derived similarly to his law of Electrical Flux. The gravitational
flux through any closed surface is proportional to the enclosed mass,

 g n dA  

g

.

(2.1.3)

S

We describe gravity, g, as the dot product of the vector of gravitational attraction and the vector normal
to the surface (Figure 2.2). This is expressed as

g n  g n cos 180o    g.

(2.1.4)

The integral of the enclosed surface can be represented by S, which represents the surface area of the
sphere (Figure 2.1).

Figure 2.1: Gravitational effect is directed at mass
By using (2.1.2) together with (2.1.3), we obtain a new expression for the gravitational flux,

m 

 g   gS   G 2E   4 r 2   4 GmE .
r 

Combining (2.1.3) and (2.1.5), the Gaussian Formulation for Newtonian Gravitation is

4

(2.1.5)

 g n dA  4 Gm.

(2.1.6)

S

This formulation is illustrated by observing a plane whose gravitational acceleration is  to the normal
of the plane as illustrated in Figure 2.2.

Figure 2.2: A plane with gravitational flux, g
To derive a common geophysics equation for gravity, we assume an infinite plane of mass
having area mass density  . We want to calculate the acceleration due to gravity, g, of the plane at a
perpendicular distance r, from the plane. In this case, the Gaussian surface, S, is represented by a short
cylinder whose flat faces (of area A) are parallel to the plane of mass (Figure 2.3).

plane of mass

Figure 2.3: Gaussian surface for a plane of mass. The surface ends are parallel to the plane of mass.
5

Everything along the curved surface of S is perpendicular to the outward normal unit vector n , so
the curved sides of S contribute nothing to the integral. Only the flat ends of S contribute to the integral.
On each end, we use (2.1.4) to compute the value of g. Equation (2.1.6) becomes
 g  dA  4 Gm.

(2.1.7)

S

Since the integral on the left hand side is the area of just the two ends of the Gaussian (cylinder), 2A, we
can now express (2.1.7) as
 g  2 A  4 Gm

g

2 Gm
.
A

(2.1.8)
(2.1.9)

Using a basic definition of density as the mass per unit volume, we can assume the density can also be
viewed as



m m

.
V Ah

(2.1.10)

Here, h represents the thickness of the mass. Substituting (2.1.10) into (2.1.9), we obtain a general
representation for the gravitational attraction of a flat slab with  and h as parameters,

g  2 G h.

(2.1.11)

This representation forms the basis for our forward and inverse modeling. Closer analysis of this
formula shows the dependence of the gravitational effect as a function of the density of the mass and its
thickness. An overall gravity signature of a geologic body or bodies involves the contribution of many

6

masses and these parameters aforementioned. A typical gravity response, in this case to known density
and elevation of masses, may be similar to Figure 2.4.

Figure 2.4: Typical schematic cross-section of 3D model. (Benson, et al. from Technos, Inc.)

Typically, areas of low gravitational response may generally be due to elements of low density. These
changes in density may be due to differences in rock type, changes in rock porosity or fracture density,
or other factors.

2.2

MODEL GENERATION
From (2.1.11), our model may be presented in a simplified format. The constant 2 G represents

a scalar to the gravitational effect. So for convenience, it will be eliminated from our basic formulation
and will be revisited in post-processing. What is most noticeable in the equation is the nonlinear
relationship between the gravitational effect, the depth of the mass, and its density. Every point location
in the BRFS is represented by a particular gravity signature based on the masses on the surface as well
the masses below. The masses therefore “contribute” to the overall gravitational profile of the region
7

under study. The Geophysics team, led by Dr. Diane Doser, has acquired several hundreds of
gravitational response readings through the use of gravimeter, a typical device used to measure the
gravitational field of the earth at a particular location.

2.2.1

FORWARD MODELING

The forward modeling in this approach (also known as iterative modeling) is a widely used
technique in interpreting geophysical data. In terms of applying this technique to understanding gravity
data, we note this process to involve several steps:
1. We make a skilled guess at an initial model combined with known geology.
2. Compute the gravity anomalies, adjusting for earth curvature, tidal effects, and many other
physical corrections.  gcalculated 
3. Compare the computed anomalies with those obtained through measurement.  gobserved 
4. Adjusting the model parameters,  and z , in order to minimize the difference.

 min

gobserved  gcalculated

1

*

5. Repeat steps 1 – 4 to achieve a “close fit”.

The software development for the forward modeling was written by Dr. Mark Baker of Geomedia
Research and Development. The gravity contributions to each gravity station are calculated by a surface
integral over a block of layered grids. These blocks contain anywhere from two to five structural layers.
Each layer consists of 10,000 to 200,000 individual nodes with longitude, latitude, elevation, and density
as block parameters. The calculation of the gravitational contribution is a volume integral.

* We

can assume the

1 norm since we are not required to utilize higher order derivatives to minimize this difference. In

some cases, with substantial a priori information and proper constraints, the

8

2 norm may be used in a least-squares sense.

g  2 G 


r0  r1

Equation Section (Next) (2.2.1)

dV .

A useful implementation of this integral is to represent (2.2.1) as a sum. Each i-th step is demonstrative
of a single node in each grid, which is extended to the entire block of layers.

g 
i

i Ai
ri

(2.2.2)

.

Previous studies involved the use of three-dimensional triangular prisms (Zhou et al. 1990) while others
have utilized adaptive rectangular prisms (Chakravarthi et al. 2004) to construct the three-dimensional
models. Baker (2001) used the approach of representing each of the geologic bodies as one or more
vertical line elements. This formulation comes from Nettleton (1976), in which the vertical cylinder can
be used as an adequate approximation for gravity effect. The effect has also been discussed extensively
by Hammer (1974). The gravitational contribution to each station can be represented as a grid of semiinfinite vertical line elements. The equation is initially expressed in two dimensions.
g   R 2G   x 2  z 2 

1

2

.

(2.2.3)

In this formulation, R represents the radius of the cylindrical line element. For convenience, this
parameter was set to 1. The x parameter is the distance along a single dimension from the gravity station
to the projection of the cylindrical top on the surface of the grid. The radial distance, r, pertains to the
Euclidean distance from the gravity station to the line element. The orientation of the x and z parameters
are illustrated in Figure 2.5.
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Figure 2.5: Orientation in two dimensions of the vertical line element
Due to the nature of the calculations and the positions of the nodes in on our grid, it is necessary to
modify the line element representation to include x and y coordinates. A conversion to x, y, and z
coordinates will be made from the longitude, latitude, and elevation information supplied by the DEMs
and the gravity station files. We therefore modify (2.2.3) to
g   R 2G   x 2  y 2  z 2 

1

2

.

(2.2.4)

It is important to note that the length of this element is theoretically infinite. By this, we are not limited
in our formulation to calculate the gravitational effect for any depth we choose. In practice, however, it
is difficult to resolve the gravitational effect with great depth because of the approximation of g being
close to zero. As with most large scale computations, this is a delicate process due to truncation and
round-off errors that may arise. It is most apparent when computing the inversion in that the calculation
of an appropriate model is ill-posed.

Figure 2.6: The vertical line element modification for use on a grid.
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For a cylindrical column of finite length, as in the case of our gridded geological bodies in the block, the
effect calculated for r2 is subtracted from the effect calculated at r1 . The effect for r3 is subtracted from
the effect at r2 and so on. This approach allows us to account for the variations in elevation of each node.
Figure 2.7 illustrates the configuration of a surface block and how the gravitational effect at each node
contributes to the overall gravity at a station location.

Nodes on block; DEMs contain
Gravity Station

longitude, latitude, and elevation

Σ gi
ri

r2

Block; comprised of
several geologic layers
(slabs)

r1

r3

Vertical Line Element; gravity effect at each
node is subtracted from the effect below it.
for each slab.

Figure 2.7: Surface Block Configuration. Each node on the grid yields a gravitational
contribution to the overall gravity effect for a station location.

2.2.2

INVERSE MODELING

The inherent properties in inverse modeling may give the impression of hopelessness. For one
thing, the problem is non-linear and highly non-unique. Figure 2.8 illustrates the dilemma.

11

Figure 2.8: An example of three different geological sources (varying geometry, density, and depth)
yielding the same gravity anomaly. (Rockport Software, GeoModel Example 2009)
But with constraints on the source geometry, this type of analysis can be useful. One way is to
eliminate parameters, such as depth, by assuming a particular source of interest lies at a specified depth.
It is obvious with much a priori information that the non-uniqueness of the problem is decreased. For
geologic bodies that are exposed on the surface, such as glaciers, landfills, and basins, the solutions for
geometric versus physical property contrast can be worked out a lot faster. Classical inversion
techniques attempt to construct a set of linearized equations and make certain assumptions of geologic
sources, such as size and depth. The solution of this system of equations, one for each gravity
observation point, is often a poorly conditioned problem, as discussed in many previous studies (e.g.
Bott, 1973; Goodacre, 1986; Sharma, 1997; Fontesinos et al. 2004).
As stated previously, we will utilize the gravity observations collected during the study and
constrain the gridded surfaces with known elevation provided by several DEMs acquired by the USGS.
We will also constrain the models with tolerance values based on the known geology in the region. The
user can then pre-define a geological body and indicate its location in the block, its depth, and density
12

distribution. These changes can be made in real time in order for the user to observe the overall
gravitational effect. The software will continuously perform the linearized inversion (Chapter 3) for
every change made in order to minimize the contrast between the observed and calculated free air
anomalies.
In contrast to numerous forward modeling strategies, there has been limited study in using
linearized inversion techniques mostly due to the computational complexity and lack of high
performance computing resources. Several techniques have recently emerged to minimize the least
squares fit problem. Among them include Nonlinear, Conjugate Gradient (steepest descent) methods, 2D
Fourier transforms, and Genetic algorithms. We continue to use the technique suggested by Baker
(2001), which divides the grid into geological bodies of vertical line elements. The number of line
elements needed to represent a body is largely dependent on the distance from the gravity station to the
surface. For a standard DEM grid spacing of 80 to 100 m, the grid points in a geological body can be
modeled as single line elements if they are more than 1000 m (approximately 10 times the grid spacing).
With this approximation, the gravitational computational accuracy is minimal (~ 0.5 mgal †). A Gal (also
called a Galileo) is a unit of gravitational acceleration used extensively in the geosciences. In SI units, 1
gal is defined as 0.01 m/s2. Points in the body that are within 1000 m must be modeled with more than
one line element. Therefore, the grid resolution becomes more coarse with increasing distance to the
gravity station.

†

A "Gal" (also called a Galileo) is a unit of gravitational acceleration used extensively in the geosciences. In SI units, 1 gal is

defined as 0.01 m/s2.
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Chapter 3
The Mathematical Approach

Because this inversion problem is non-linear and non-unique, it is necessary to develop a
linearized, iterative process in order to take full advantage of the computing resources at our disposal.
We will use much of the forward theory to develop the inversion scheme and incorporate some
statistical analysis in order to constrain our model. We hope to examine the covariance between the
density and elevation changes to the gravity anomalies through the use of a state function, namely a
Kalman-Type estimator, in order to further constrain our model. Combined with a priori information,
we can greatly reduce the number of plausible models.

3.1

THE LINEARIZED FORMULATION

We begin our formulation by constructing a linear system using generalized matrices. The
solution to the inverse problem is the solution to the following system of linear equations. We base the
linear system on (2.2.2) and express it as

 i 

 g    Aij   h 
 i

Equation Chapter (Next) Section 1(3.1.1)

The matrix Aij represents our model and consists of the partial derivatives of the gravitational anomalies
with respect to the changes in density and elevation pertaining to the geologic bodies. The system, being
of the form Ax  b , may be solved exactly as

 i 
1
 h    Aij   g 
 i

14

(3.1.2)

We are assuming the data has no measurement error and Aij is non-singular and properly conditioned.
However, there do exist measurement errors, geological "noise" as well as discrepancies in the surface
geology. Additionally, the condition of Aij may make this computation unstable.
One approach that can be used to avoid the instability of the model is to pose the system using
the normal equations and by also providing a priori constraints, weighting, and possibly some
regularization parameters. From (3.1.1),
 i 
T
T
 Aij   g    Aij   Aij   
 hi 





T

 Aij   Aij 

T

 Aij   Aij 



1



1

 i 
T
 Aij   g    
 hi 

 i 
T
 Aij  W  g        .
 hi 

(3.1.3)

The  is the perturbation for geological "noise". More constraints may be incorporated initially by a
weighting matrix, W, with Aij in order to account for a priori information.

3.2

MODEL AND PARAMETER CALCULATIONS

The vector of gravity anomalies, g , is composed of a grid of gravity stations involving free air
observations and the forward model computations for gravity contributions, namely, from (2.2.2)

gcalculated  
i

15

i Ai
ri

.

Equation Section (Next)(3.2.1)

This leaves  g    gobserved  gcalculated  . In terms of the system, each element of the anomaly vector
pertains to a different gravity station. Due to errors in measurement, we do not expect these elements to
be equal to zero.
The matrix, Aij , is comprised of the partial derivatives of the changes in gravity effect with
respect to the changes in density and elevation for each node on our grid. These partial derivatives are
calculated from our modification of Nettleton's formula (2.2.4),

gi
1
  R 2G
ij
rij

(3.2.2)

3
gi
z
 1 
  R 2G    x 2  y 2  z 2  2  2 z   C
.
3
2
2
2
2
zij
 2 
x  y  z 

(3.2.3)

As stated previously, we let R = 1 for convenience and further, let  G  C , a constant that we will use at
the end of inversion problem. We define r   x 2  y 2  z 2  2 . The values of x, y, and z are converted
1

from their longitude and latitude values to spherical coordinates. With a constant K = 6371000
representing the average earth radius in km, the conversion is as follows:

  90  latitude,  longitude

(3.2.4)

x  K  cos   sin  

(3.2.5)

y  K  sin   sin  

(3.2.6)

z  K  cos    elevation.

(3.2.7)

16

3.2.1

THE GRAVITY GRADIENT WITH RESPECT TO DENSITY

To best illustrate the role of the iterative process in these calculations, we construct an example
consisting of a single gravity station with a measured free air anomaly. The coordinates of the station are
given by  x0 , y0 , z0  . We also have a geologic block consisting of three slabs, which we will label top
upper crust (TUC), bottom upper crust (BUC), and the lower crust (LC). Each slab of the block is a grid
consisting of 100 x 100 nodes. The grid spacing is approximately 20 m which makes each grid 4 square
km. This is illustrated in Figure 3.2.1.

Nodes on block; DEMs contain
longitude, latitude, and elevation

Gravity Station

(x0, y0, z0)
TUC
BUC
LC

r2

(x1, y1, z1)

r1

r3

(x1, y1, z2)

r4

(x1, y1, z3)

(x1, y1, z4)

Vertical Line Element; gravity effect at each
node is subtracted from the effect below it.
for each slab.

Figure 3.2.1: A block configuration consisting of one line element
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For convenience, we will inspect only one surface node and define the partial derivatives for a single
line element. For each block layer, the partial derivative is subtracted from the partial of the previous
(upper) layer. So, for example, calculating the partial derivative for the TUC (layer 1),

1 1 1 1
g1
C     
11
 r1 r2   r1 r2 

(3.2.8)
.

For the BUC,
g1  1 1 
   ,
12  r2 r3 

(3.2.9)

g1  1 1 
   ,
13  r3 r4 

(3.2.10)

And for the LC,

and so on‡. We can generalize this iterative process in a subroutine. The goal here is to use a minimal
amount of indices to build the array.

‡

Note that in this example, we are calculating the partial derivative for station 1 at node 1 on the grid. The second subscript

of the density and radius changes refer to each slab in the block.

18

Table 3.2.1: Psuedo-Code for Gravity Gradient with respect to density
// we are assuming the radial distances are stored in array r
r_top = r[0];
// initializing top
for i = 1 to n
r_bottom = r(i );
gradg_p[i-1] = 1/r_top - 1/r_bottom; // store the computation in
// a partial derivative vector
r_top = r_bottom;
// the bottom becomes the new
// top on the next pass
end

3.2.2

THE GRAVITY GRADIENT WITH RESPECT TO ELEVATION

Similarly, the partial derivatives of gravity with respect to elevation must take into account the
layers of each block. If we study the partial derivative (3.2.3) closely,

3
gi
z
 1 
  R 2G    x 2  y 2  z 2  2  2 z   C
3
zij
 2 
 x2  y2  z2  2

,

we note that the only parameter of the line element that changes is the elevation. (

x1  x2  x3  ...  xtotal layers ; y1  y2  y3  ...  ytotal layers ). This is due to the fact that each line element is
contains the projection of the surface node through each slab. Therefore, it is unnecessary to re-compute
the change in the x and y direction for every iteration when dealing with a single line element in a block.
Equation (3.2.3) is the general form of the partial derivative. To understand its role in the
iterative process, we will look at the previous example. We define the partial derivatives as follows:
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g1   z1  z0    z2  z0 


where r1 
3
3
z11
 r1 
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 x1  x0    y1  y0    z1  z0 
2

2

2
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g1   z2  z0    z3  z0 


3
3
z12
 r2 
 r3 

(3.2.12)

LC

g1   z3  z0    z4  z0 


.
3
3
z13
 r3 
 r4 

(3.2.13)

MODEL DEFINITION IN THE GENERALIZED MATRIX FORM
With the partial derivatives now calculated for gravity with respect to density and elevation, we

can construct the matrix Aij § for our example described above. We present the matrix form for the
problem,

 g1
 11

 gobs  gcalc   

g1
12

g1
13

g1
z11

g1
z12

 1 
 
 2
g1   3  Equation Section (Next)(3.3.1)
  .
z13   z1 
 z2 
 
 z3 

We can see by the construction of our problem that this is a largely underdetermined system. The goal
is to find the values of the upper partition of the solution vector , namely  1

§

2 3 z1 z2 z3  . It
T

In the case of the example, A is merely a row vector. As we deal with multiple nodes on the grid and eventually multiple

gravity stations, we in essence will represent A as a matrix.
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is also important to note that gcalc is obtained through the computation of gravity contributions from the
forward modeling portion of the software. As we consider ten thousand nodes (n = 10,000) on the
surface, our problem can be expressed as follows:

 ∂g1
 ∂ρ11

gobs - gcalc  = 

∂g1
∂ρ12

∂g1
∂ρ13

∂g1
∂ρn1

∂g1
∂ρn2

∂g1
∂ρn3

∂g1
∂z11

∂g1
∂z12

∂g1
∂z13

∂g1
∂z n1

∂g1
∂z n2

 ρ11 
ρ 
 12 
ρ13 




 ρn1 


ρn2 

∂g1  ρn3 


∂z n3   z11 
z 
 12 
 z13 




z
 n1 
z 
 n2 
 zn3 

(3.3.2)

The scalar obtained will allow us to check the validity of the model if we constrain the solution vector
with known densities and use a basement grid (lower slab) with little elevation, such as a block near the
equator. As we include more blocks and thereby more gravity observations, the problem becomes quite
large and leads to much instability. The inversion actually becomes quite dangerous, in a sense, because
we cannot guarantee the model matrix to be square, and therefore nullify many numerical optimization
techniques for finding a least squares fit for the gravity effects.
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EQUATION CHAPTER 3 SECTION 4
3.4

THE UNCERTAINTY ANALYSIS

Due to the aforementioned size of the problem and the non-uniqueness associated with it, there
exists a substantial amount of uncertainty. We choose to estimate the uncertainty with an interval
approach by two primary means.

(1) Random Perturbations of the data and a priori densities
(2) Analysis of the Mean and Covariance of Multiple Perturbations

In introducing the a priori information, we define x0 as a partitioned vector of a priori expected values
and C0 as the partitioned a priori variance-covariance matrix.

 g0 
x0   
 0 

For a more explicit definition, I view x0   gobs

 Cgg
C0  
 C g

Cg  
C 

(3.4.1)

T

a priori  as the gravity observations obtained through

measurement and the a priori densities while C0 is the variance-covariance matrix associated with the
gravity measurements and the constrained densities. Since a priori gravity uncertainty is typically
unrelated to uncertainties in density information, we can say Cg    C g   0 . For clarity, the variance
T

matrices are expressed as Cgg  Cg and C  C which make the derivation of the iterative solution
much less cumbersome (see Appendices C and D).
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We assume the distribution of the a priori information to be Gaussian. This allows us to define a
Gaussian probability density function in the parameter space of  m where all parameters of x take their
values.



p x  Ce

The vector x   g






1
x  x0
2



T



C01 x  x0



(3.4.2)

T

  contains the perturbations in the gravity data and those associated with the a

priori densities. The search for x of the theoretical manifold (which is the space consisting of all
possible values of x0 ) is the basis for the least squares problem. This manifold,  , is a subspace of  m
where all parameters, x , take their values. In order to maximize the probability density function(3.4.2),
the exponent must be minimized. We can show this exponent as the function

 

s x  x  x0



T





C01 x  x0 ,

x  .

(3.4.3)



We introduce the theoretical equation f x  0 which defines the nonlinear manifold  . In typical



applications (1982, Tarantola, et al.,1970, Backus, et al.), f x may represent the physical constraints
in the problem. In this application, the theoretical equation depicts the reconciliation of the gravity
observations g 0 and the calculation of the total gravity contributions G    .



f x  g0  G     0

(3.4.4)

In reality, these error computations serve to guide our calculations for validity. If they remain lower our
theoretical and physical bounds, we can assume our density estimates are valid, although not optimum.
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Since we have assumed our a priori information to have a Gaussian distribution, our search for

x can be obtained by using the nonlinear, least squares criterion and be posed as a classical
minimization problem.


f  x  0

min s x
x0

s.t.



To solve this problem, we assume s x

(3.4.5)

to be stationary over the theoretical manifold,  . This



assumption allows us take advantage of the differentiability of f x . We can then define a manifold
matrix F   I

 A . This partitioned matrix is of full rank and contains the matrix A which contains the

partial derivatives (Frechet’ partials)

 g i
Aik   k
 

g i 
z k 

(3.4.6)



The assumptions and conditions on s x and F yield the solution to x . For further explanation and the
derivation of the solution, refer to Appendix C.

x  x0  C0 F T  FC0 F T 

1
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F  x  x   f  x 
0

(3.4.7)

3.4.1

ITERATIVE SOLUTION WITH UNCERTAINTY CONSIDERATION

The previous definitions of x0 and x along with (3.4.7) yield a common geophysics solution to
the inversion mentioned in Section 3.1. The solution (whose derivation is provided in Appendix D) is
iterative but has some serious disadvantages related to size. Thus, the a posteriori matrix is difficult to
determine. The complete iterative solution is written as

 k 1   k   AT Cg1 Ak  C1 
k

1

A C
T
k

1
g

 



 g0  G  k   C1  k  0





(3.4.8)

The matrix C g refers to covariance matrix of the forward model system of equations. Also included in
this matrix is the gravity observation uncertainty and any other cause of the misfit between

 

g0 and G  k . These causes can be categorized in three main areas:

1. The procedure of the forward model – These could include line element approximations,
discretization approximations, ignoring the density of the air, and the errors relating to earth
curvature.
2. Numerical Uncertainty – Common errors are related to single and double precision accumulation
in the computations.
3. Uncertainty in the Partial Derivative Calculation
There may be other unforeseen errors causing the misfit. Nevertheless, I do not expect these to be
significant.
The matrix C represents the a priori uncertainty on the unknown density and elevation
parameters. These may be based on hard physical bounds, such as the density values and layer
thicknesses being positive numbers, and our knowledge of the geology. This knowledge can limit
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densities of surface elevations to a certain range where wells or any outcrops exist that causes us to
assume certain geologic conditions.
With each computation step, the previous solution  k is combined with squared distance of the
perturbation to the mean of the distribution. ** The mean, in this case, is represented by the actual values
of the matrix A. We use the a posteriori and a priori covariance matrices to compute how far the next
step is deviating from the actual model, which in turn skews the data and the constrained densities. If the
perturbations cause the model to be inconsistent, we can eliminate the successive steps.
We can express the initial perturbation as H, which we will call the Pseudo-Inverse. Because the
source of Cg and C can be confounding, the a posteriori covariance matrix is difficult to determine.
The structure of this matrix is based on the perturbation of the Pseudo-Inverse to the model and the
squared distance of the model values to the a priori densities. The difficulty in dealing with these
constraints may be addressed with the help of a sequential Kalman-Type Estimator.

H   AkT Cg1 Ak  C1  AkT Cg1

(3.4.9)

Ca posteriori   HA  I  Cg  HA  I   H T C H

(3.4.10)

1

T

** In the

Univariate case, the squared distance of the sample to the mean of the distribution is represented by

x  

T

C 1  x    , where  refers to the mean of the sample. This is often called the “mean-centered ellipse”.
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3.4.2

THE KALMAN ESTIMATOR

A typical Kalman filter uses measurements over time that typically contain measurement noise
and other inaccuracies and produces values that are closer to the true measurement values and their
associated calculated values (Kalman, 1960; Welch, et al 2006). An illustration is provided below.

Illustration 3.4: Diagram showing the weighting adjustment provided by the filter

The Kalman filter produces estimates of the true values of measurements and their associated calculated
values by predicting a value, estimating the uncertainty of the predicted value, and computing
a weighted average of the predicted value and the measured value. The most weight is given to the value
with the least uncertainty. The estimates produced by the method tend to be closer to the true values than
the original measurements because the weighted average has a better estimated uncertainty than either of
the values that went into the weighted average. We can use this concept to reformulate our estimator
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from (3.4.8) to get a more sequential approach. The weighting provided by this approach is recalculated
with each step in the iteration process. We define

C p ,k  C p ,k 1  C p ,k 1 AkT  Ak C p ,k 1 AkT  Ce  Ak C p ,k 1.
1

(3.4.11)

We also use a matrix identity for simplification and redefine our solution from (3.4.8) as

pk  p0  C p ,k 1 AkT Ak C p ,k 1 AkT  Ce   g0  G  pk   .
1

(3.4.12)

adjustment

This representation is a tautology of (3.4.8). Its stability largely depends on Ce   g2   m2 . The
first term of this linear combination,  g2 , pertains to the gravity uncertainty, which may be caused by
gravimeter noise, experience of the data collector, and the quality of the gravity survey. The value  2
pertains to the model uncertainty. These errors may be caused by model discretization, the
approximation of the partial derivatives, and any surface elevation error provided by the DEMs. It is best
to assume a conservative estimation of Ce . A relatively high value will make the “adjustment” term
from (3.4.12) relatively small, which in turn provides the intuition that we are a “less certain” that the
current value of  k needs to be changed or updated. A more liberal estimation of Ce , meaning a low
value, may cause the solution to be more and more unstable with each step.
This formulation has many advantages. Among them are the opportunities for interactive and
visual progress in real time. It allows the user to make interpretations to the model as the densities of the
gridded body are manipulated. There are far-reaching opportunities for parallel processing. Different
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processors may be tasked to operate on different blocks simultaneously. Problems with adequate
bandwidth

latency

when

using

high

performance

addressed.Equation Chapter (Next) Section 1
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Equation Chapter (Next) Section 1
Chapter 4
Field Data and Pre-Processing
A large amount of field data was acquired for this research. We will make mention of some
of the file types and data used in the construction of the matrix formulation
4.1

GRAVITY DATA
The research team acquired several hundred gravity observations throughout a large region of the

BRFS. These observations were cataloged in a spreadsheet which provides station identification
numbers, longitude and latitude information in decimal degrees, elevation in meters, and the free-air
anomalies in milliGals. The free air anomalies were the result of many geophysical corrections made to
the original gravimeter readings. While it is unlikely there was error in the corrections, there is a high
probability of error made during data collection. The uncertainty analysis in Chapter 3 addresses these
issues. The inversion software imports this data as a delimited text file and stores the gravity information
in single-dimensioned arrays. These arrays are sent to a subroutine that converts the longitude, latitude,
and elevation information into a spherical coordinates labeled as x, y, and z.

4.2

BLOCK DATA
The USGS provided the DEMs used in the creation of the block files, which contain the surfaces

which we wish to build a structural profile for. A block file may contain anywhere from 2 to 5 surfaces,
depending on the location of the surfaces in the region. Some blocks contain bathymetry data since some
of the grids include lakes and other bodies of water. A block may contain more than 5 surfaces if the
researcher needs to make thinner slices of a cross section in order to see subtle changes in structures. A
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researcher will often allow for a non-uniform distribution for slab thickness if trying to model
subduction or some sort of faulting. It is essential that the software has the flexibility to allow the user to
choose the density distribution, the slab thickness, and geometric placement of nodes used in providing a
grid for a geologic feature.
The DEMs provide longitude, latitude, and elevation information of the nodes in the grid. The
data was originally in ASCII format but was later converted to a .GRD format so they could be read in
Surfer 7.0. Surfer is the visualization program that our software must interface with in order for the
researcher to observe the effects of density changes the user makes.
Mark Baker (2004) created a file structure consisting of BLOCKS. These files consist of a .BLK
extension which includes the surface DEM, intermediate slabs, and the basement grid of the block. This
approach provides for much easier bookkeeping and allows the computations to continue without having
to reload output and a new DEM every time a layer has been computed. This innovation came from a
need with SURFGRAV (2007), a program that was a first attempt at gravity inversion. The DEMs data
are stored in the form of a spreadsheet and had to be reloaded every time a new layer was included in the
gravity contribution calculation, not to mention a massive amount of storage needed to include old
calculations from previous layers. The BLOCK file system has substantially improved the forward
modeling portion of the software. A gravity contribution calculation for 30 blocks with a gravity station
file of 100 stations will complete in slightly less than an hour on a portable PC.

4.3

PROGRAM FLOW

The flow of the inversion program has undergone many modifications from its original
conception. It is easy to assume that the algorithm will continue to be re-evaluated as uncertainty
analysis, noise, etc., will cause more modifications. The Inversion Algorithm can be represented in
Pseudo-Code in order to define the data structures involved.
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Table 4.1: The Inverse Gravity Program Pseudo-Code
INVERSE COMPUTATION ALGORITHM

Load option list into gui fields
Permit option updates or
Start computation
Load stations from list
Load blocks from list
Loop over stations in list
{
If block is out of date then load old contributions else initialize contributions
Loop over blocks in modification list
{
Load stratigraphic model for current block
{
Set the default surface at base of model and compute radii
Loop over surfaces
{
Load next surface
Compute radii and contributions
Compute partial derivative vector
}
Get summation of layer contributions in block
}
Write out the fragmentary computation result file
}
Compute block list perturbations from observed-model error and derivatives
Loop over blocks in modification list
{
Load stratigraphic model for current block
{
Set the default surface at base of model and compute radii
Adjust z and density
Loop over surfaces
{
Load next surface
Adjust z and density
Compute radii and contributions
}
Get summation of layer contributions in block
Update block computation time
}
Write out the fragmentary computation result file
}
}

The Graphical User Interface (GUI) allows the user to enter a gravity station file containing the
longitude, latitude, elevation, free-air anomaly, and a station identification string or number. The file
may be entered in ASCII format or as a delimited tab text file. The user then enters the block file which
contains a surface DEM containing the longitude, latitude, elevation, and any known densities of the
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nodes in the grid; a basement file, and any other layers the geologist feels are necessary to correctly
model the earth structure. The first calculation to take place is the Euclidean distance between a gravity
station in the file and a random node on the surface grid. If the distance is greater than 30 km, the
gravity contribution is negligible and we can therefore use any four nodes on the surface grid to compute
the contribution. There is a less than a 0.5 mGal loss in accuracy under these conditions. So it is deemed
a feasible approximation to take in order to decrease processing time. A distance of 15 to 30 km will
warrant the use of 100 to 200 nodes to compute the gravity contribution. Any distances less than 15 km
will require the use of every node on the grid to calculate the gravity contribution to that particular
gravity station.
The default surface, or basement grid, is used for the base of the model. Once the gravity
g
g
contributions are computed for the basement grid, the partial derivative vectors,
, are
and

z
computed. At the end of this cycle, the next layer in the block is loaded and the same calculations are
made to it until the surface grid has been completed. Meanwhile, the sums of the gravity contributions
are stored after each layer. The partial derivative and gravity contributions are then stored in a fragment
file, which serves as temporary storage.
The fragment file serves as a contingency in the program for “old” or “out-of-date” data. This
was created because the user may choose to change the density values in a block in order to more
adequately model a geologic body that is of interest. If the program has made a previous computation, it
would be inefficient to re-compute these values when finding a sum of gravity contributions. The
program checks the time stamp after a user has made a change to the density profile of a grid. If the
corresponding grid has new information (based on a newer time stamp) than what has already been
calculated, the code will re-compute the gravity contributions. Otherwise, the program will store the
fragmented data in a FRAG file and continue with new computations where it left off. The previous
computations will be called from the FRAG files and included in the new summation.
Once these preliminary computations have been made, the user can then observe the model
errors and can make adjustments to the densities of the gridded bodies under study. The block list is now
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ready for perturbation based on the observed model errors. It is here that the uncertainty analysis
techniques previously introduced play a major role in determining the plausibility of the acquired model.
Once these perturbations have been computed, the default surface is reset and the radial distances can be
recalculated. The elevations and densities for the gridded body under consideration are readjusted.
Using this new data, the partial derivatives and gravity contributions are then recalculated, but only for
those nodes where changes have been made. This illustrates the importance of the fragmentation files.
Each layer undergoes the same procedure until the entire block has been updated. The new information
is then written to a fragment file for interim storage. The user may observe the final model computations
and decide if additional adjustment of the densities in the gridded body is needed to reduce the least
squares computation between the observed and calculated gravity contributions.
A program flow chart is provided in Figure 4.1. The major area’s steps are color-coded for
readability. The pre-processing and loading of stations files, grids, and surface information is in beige.
The green area represents the initial calculations to the block before the perturbations. The magenta area
is the updated information once some user defined a posteriori information and Kalman-filtering has
taken place. The final output yields the suggested densities of the gridded body and a difference vector
showing the fit between observed and calculated gravity values.
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Figure 4.1: Flow Chart of the Proposed Software

One of the challenges in the development of this software is the need for an adequate Graphical
User Interface (GUI). The visualization will utilize the latest version of Surfer as the main tool. The
RAD Development Studio which houses the Borland C++ compiler allows for the construction of forms
and windows and is complete with utilities providing the handler code to allow them to work with user
inputs. A visualization window on the GUI allowing Surfer to operate is proposed to give the user as
much real time flexibility as possible. The goal of developing this tool is to significantly reduce the
processing time of the gravity contributions and the solution of the density vector.
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Chapter 5
Preliminary Results and Discussion
5.1

NUMERICAL RESULTS

In order to test the preliminary stages of the software, a particular surface was examined that
exhibited some extreme differences in density and elevation. The DEM with the filename
W10625N6000.grd was used primarily for the mountainous terrain and a lake which were both
contained in the region. This would allow us to check the extent of the range in density (from
approximately a value of 1 due to the lake water to 2.8 for surrounding areas where granite may exist).
Initial calculations were made on the partial derivatives of gravity with respect to density and elevation.
These calculations were taken from a single block to a single gravity station. The gravity station was
station #1126 at a longitude of -154.9906670 W and 62.3428330 N. the elevation of the station was
301.11192 m above sea level. The observed free-air anomaly was 4.2 mGals.
A blocklist.txt file was created using W10625N6000.blk as the only entry. Normally, we could
enter as many block files as we want. But it would be difficult to test if we had included any others. By
using one block and one gravity station, we can see whether the software is correctly handling the many
calculations involved. If we recall equation (3.3.2), we can see that the computations for one block on
one gravity station means the computation will result in a scalar amount on the right hand side of the
equation. The scalar represents the residual between the observed gravity and the total gravity
contributions from the one block. This is actually an effective way for the code to check its
computations as it processes more blocks and more gravity stations simultaneously. In the grand scheme
of things, this actually serves as another criterion to determine the validity of the calculated models.
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Table 5.1: The attributes of the surface grid (W10625N6000.grd)

References

The elevation contour plot of the surface grid can viewed in SURFER 7.0 after some conversion from an
ASCII file to a .GRD file. An atlas projection of the surface grid can also be viewed in
GLOBALMAPPER.
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Figure 5.1: Grid File W10625N6000.grd. (Left) Elevation contour map in SURFER. (Right) Atlas
projection in GLOBALMAPPER. This is the surface file to the block used for testing
portions of the inversion code.

The first computations to be tested were the partial derivatives. Since these are computed based
on the radial distances, these were pretty easy to check. I decided to make a field of partial derivatives
and graph them in SURFER to see if the numbers made conceptual sense. What we would expect is for
the change between gravity and density-elevation to be significant when the distances are small, since
masses close to the gravity station have more of a gravity contribution than masses far away. Therefore,
the partial derivatives would yield higher values at positions close to the gravity station, then decrease at
a steady rate as the distance increased. Figures 5.2 and 5.3 show contour maps of the partial derivative
values with respect to density and elevation. Additional contours are shown in the Appendix.
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Figure 5.2: Partial Derivative Contour of
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Figure 5.3: Partial Derivative Contour of
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g
z

Two other computations were obtained in the test. Figure 5.4 shows the first which is a 3D
surface representation of the block layers. The second of these (Figure 5.5) show the result of the grid
indicating possible density values without the uncertainty analysis involved. While the DEM shown in
figure made an obvious indication to the location of the lake, the resulting density solution yielded a
rather several different models. It seemed more descriptive to display the solution field as a consolidated
solution, that is, with several integrated models, thus showing a great need for the uncertainty analysis to
be included. In observing the solution field, one can see the region of low density values, thus
representing the probable area where the lake could be. One can also note the areas of high density in
southern portion of the region corresponding to areas of greater elevation and more significantly large
geological features of higher density. The definition between the high density and lower density areas
are much too pronounced and therefore cannot be considered geologically sound for this example. The
primary reason for this response is due to the uniformity of the density that was used in the block file.
This file was customized for easy computation and therefore is not indicative of actual geology.
Nevertheless, it points to the need of the Kalman estimator to deal with numerous models that arise due
to the non-uniqueness of the problem.
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Figure 5.4: 3D Surface of W16025N6000 during inversion. Note the lake region in the northern part of
the plot. We can expect the density of this area to be relatively low. The northeastern and
southwestern portions are areas of concern due to the uniformity of the initial block
densities.

Figure 5.5: A solution field of the possible densities in the W10625N6000 surface. The abrupt changes
in density are possible due to the uniformity in the block data. The Kalman approach is
needed to address this issue.
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5.2

DISCUSSION AND FUTURE WORK

The forward model contains a well-designed GUI and will therefore be used as the template for
the development of the inversion GUI. The final product will include two visualization tools. One of
which will allow the use of SURFER in the Form environment of the program. This visualization tool
will allow the user to make real time updates to the densities and the elevations when the first cycle of
contributions and model densities are computed. The real time visualization and access are key in order
to make the software as useful as possible. This product would give the user the flexibility to make
interpretations without having to close one program, open another, convert an ASCII file to a grid file,
then make a plot. Once a plot is generated the user would then have to reload the information back into
the program and recalculate. This time-consuming process can be reduced by allowing a window to
open showing the result of the generated model while preserving the calculations in interim storage. The
fragmentation file can then be utilized during the next update without having to reset the entire program.
The forward model has utilities built in to allow for magnetic contributions of the geology to be
examined for future use. It would be an attractive feature for magnetic data to be used, if for no other
reason than to further constrain the model generation. These additional computations can be added to the
surface integral subroutine quite easily.
The iterative nature of this inversion and the size of the problem lends easily to the prospect of
parallel programming. Using either a Message Passing Interface (MPI) or an Open-MPI (a hybrid form
of MPI) would speed up the computations considerably. This is mostly due to the number of blocks, in
some cases thirty, needed to process with several hundred gravity stations. There is the potential for
problems stemming from latency, but not enough to deter this idea from serious consideration.
The Kalman approach is an excellent iterative approach and the discretization of the problem
gives power to the user to further constrain the model and eliminate geologic noise with each step.
There are some questions that eventually need to be answered when implementing this process. Among
them are:
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1) Can we assume the noise and the measurement errors are Gaussian?
2) How do we compute the initial covariance matrix for the gravity and the density?
3) Is the process variance large or small, and how can we determine it?
Further analysis of the Kalman Approach is needed to assess which portions of the process will not need
to be weighted (amplified) when applying the a posteriori information. However, it is important to
remember that for any gravity study, there is no clear-cut process which can be relied on for a unique
answer despite the use of state-of-the-art techniques.
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Appendix A
The following images are contour and wireframe plots of the partial derivative vectors for
the preliminary results discussed in Section 5.1. The important observation is how much the changes
decrease as we move further from the gravity station (lower right hand corner). For layer 2, the distance
of each node is far enough away from the gravity station so the changes are more gradual.
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Appendix B

The following is a portion of the Surface Integral Subroutine (SurfaceIntegral.cpp) that computes
the gravity contributions for a block.
void SurfaceIntegral::ComputeLayerContribution(void)
{
double
g_sum = 0.0;
// gravity integral
double
m_sum = 0.0;
// magnetic data integral
double
x, y, Rtop, Rbot;
// Radial distances to top and bottom
// of vertical line element
double
g_contrib;
// gravity contribution
Surface *R_layer = new Surface;
R_layer->CopyOf(grid_master);
ComputeLayerR(z_layer, R_layer);
//

// getting layer information from Grid Master
// function computing distance to layer
// and its depth
R_layer->SaveToFile("R_layer.grd", SURFER7_BINARY, R_layer);

x = xorg;
y = yorg;
for(int i = 0; i < nxy; i++)
{
for(int j = 0; j < nxy; j++)
{
Rtop = R_layer->GetAverageFloatValue(x, y, sample_area_d2);
Rbot = R_base->GetAverageFloatValue(x, y, sample_area_d2);
// also want to compute gradiometry and magnetic components in future
// gravity contribution is the density value times (1/rtop -1/rbottom)
// calculated by taking the partial derivative of gravity w.r.t. density (dg/dp)
g_contrib = rho_layer->GetAverageFloatValue(x, y, sample_area_d2) *
((1.0 / Rtop) - (1.0 / Rbot));
// keeping a running total of gravity contributions
g_sum += g_contrib;
// updating the y coordinate by stepping thru with delta y
y += dely;
}
// updating the x coordinate
x += delx;
y = yorg;
// Definitely needed this line 3/30/2009
}
answer[GZ_COMP] += g_sum * G_M * sample_area_m2;
// Replace R_base with current layer to prepare for next layer contribution
delete R_base;
R_base = R_layer;
R_layer = NULL;
// Delete grids no longer needed
delete rho_layer;
}
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Appendix C
Equation Chapter 3 Section 1
We begin our derivation with the matrix F   I

 A which we call the tangent linear application of



f x . The partitioned matrix A contains the partial derivatives (Frechet’) of gravity with respect to

density and elevation.
 g i
Aik   k
 

g i 
z k 

(C.1)



We assume A is of full rank. Similarly, we define S as the tangent linear application of s x . This

matrix contains the partial derivatives

s
. It was stated previously that s x was stationary over the
x k





theoretical manifold  at x . So s x is differentiable at x .



S  2 x  x0



T

C01

(C.2)

If we declare a vector v such that F v  0 , we say v belongs to the tangent linear manifold to  at x .



Since s x is stationary over the theoretical manifold  at x , it can implied



F v  0  x  x0
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T

C01 v  0

(C.3)



Because A is of full rank, there exists a vector of LaGrange parameters L such that x  x0



T

T

C01  L F .

This allows us to rewrite our previous of system of equations that x needed to satisfy from


s  x   x  x 
f x 0

T

0



C01 x  x0



(C.4)

is stationary over 

to



f x 0





x  x0  C0 F T L

(C.5)

L

We then multiply the left side by F ,







F x  x0   FC0 F T  L  L   FC0 F T  F x  x0
1



(C.6)

We now update the system from (C.5),



f x 0







x  x0  C0 F T  FC0 F T  F x  x0
1



(C.7)

We can now incorporate the two previous equations into one expression, namely

 x  x   C F  FC F  F  x  x   f  x 
T

0

0

T

0

1

0
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(C.8)

APPENDIX D
EQUATION CHAPTER 4 SECTION 1
From Appendix C, we begin with the general solution,

x  x0  C0 F T  FC0 F T 
term 1

-1

F  x  x   f  x 
0

term 2

(D.1)

term 3

We defined the following terms previously.

F  I
x  gk




 Ak 

 k  and x0   g0  0 
T

T

(D.2)

 

f x  gk  G  k 





The current definition of f x measures the error between the current gravity observation and the
calculated gravity contribution. It varies slightly from the definition we used as the equality constraint in
the least squares problem, where . Intuitively, these are equivalent. We now make appropriate
substitutions from (D.2) into (D.1). We begin with term 3.



 

F x  x0  f x   I



 



 g  g0 
 Ak   k
  gk  G  k 

  k   0  

 

  g0  G  k  Ak  k   0
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(D.3)

For term 2,

Fk C0 FkT   I

 Cgg
 Ak  
C g

Cg    I 
 Cgg  Cg  AkT  Ak C g  Ak C AkT



C    Ak 

(D.4)

And for term 1,

 Cgg
Co Fk  
 C g
T

Cg    I   Cgg  Cg  AkT 

C    Ak  C g  C AkT 



(D.5)

Since the elements of Aik are continuous functions of x , we can obtain a similar expression for (D.1)
based on a fixed point method. Here, the partial derivatives are taken at the current point, x . We call
this solution the total inversion, which is common in many applications of geophysics.

x k 1  x0  C0 F T  FC0 F T 

We can utilize the definition of x k 1   g k 1


-1

F  x  x   f  x 
0

(D.6)

T

 k 1  and the representations from (D.3), (D.4), and (D.5)

to reformulate (D.6) to become

 g k 1   g0   Cgg  Cg  AkT 
T
T 1

C

C
A

A
C

A
C
A

  
T 
gg
g

k
k

g
k

k

C

C
A


g

k

0






 k 1 

g  G     A  
0

k

k

k

 0
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(D.7)

In order to simplify (D.7), we need to come up with something creative. We begin by introducing the
expression Cgg  Cg AkT with an “adding nothing” technique. So we write this as

Cgg  Cg AkT  Cgg  Cg AkT  Ak C g  Ak C AkT  Ak C AkT  Ak C g

(D.8)

But we can choose to group the equality from (D.8) as follows,

Cgg  Cg AkT  Cgg  Cg  AkT  Ak C g  Ak C AkT   Ak C AkT  C g 

(D.9)

If we now multiply both sides of (C.5) by  Cgg  Cg AkT  Ak C g  Ak C AkT  , we get the extended
1

expression

C

gg

 Cg  AkT  Cgg  Cg  AkT  Ak C g  Ak C AkT 

1

 I  Ak  C A  C g  Cgg  Cg  A  Ak C g  Ak C A
T
k

T
k

T
k



1

(D.10)

This result is especially important in that we will implement it in (D.7) to solve for g k 1 and  k 1

1
g k 1  g0   I  Ak  C AkT  C g  Cgg  Cg  AkT  Ak C g  Ak C AkT  



g  G     A  
0

k

k

k

 0



1
 k 1   0   C AkT  C g  Cgg  Cg  AkT  Ak C g  Ak C AkT  



g  G     A  
0

k

k

k

 0
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(D.11)

(D.12)

We make a small manipulation to (D.12),

1
 k 1   0   C AkT  C g  Cgg  Cg  AkT  Ak C g  Ak C AkT  





 



g0  G  k  Ak  k   0





(D.13)

By slightly expanding (D.11) and substituting (D.13),



  
  A     
 G    A      A    

g k 1  g0  I g0  G  k  Ak  k   0
g k 1  g0  g0

 

k

k

k

0

k 1

k

k

k 1

0

(D.14)

0

g k 1  G  k  Ak  k  Ak  k 1

This expression will help us to simplify (D.13). For further simplification, we assume the uncertainties
associated with gravity and density are independent. So we can write Cg  C g T  0 . For even more
simplicity, we will write Cgg  Cg and C  C . We can now simplify (D.12) even more.



 



1
 k 1  0  C AkT Cgg  Ak C AkT   g0  G  k  Ak  k  0







(D.15)

Next, we call upon a matrix identity known as the Woodbury identity. It assumes, as previously stated,
that Cg and C are both positive, definite matrices. This identity stems from writing two different
representations for AkT  AkT Cg1 Ak C AkT . One of these is

AkT Cg 1Cg  AkT Cg1 Ak C AkT  AkT Cg 1 Cg  Ak C AkT 
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(D.16)

while the other is

C1C AkT  AkT Cg1 Ak C AkT  C1  AkT Cg1 Ak  C AkT

(D.17)

Equating (D.16) and (D.17) gives the Woodbury Identity.

C AkT Cg  Ak C AkT   C1  AkT Cg1 Ak  AkT Cg 1
1

(D.18)

A similar extension to this identity can be obtained by taking the expression

C  C AkT Cg  Ak C AkT  Ak C
1

(D.19)

and using the Woodbury identity while factoring the expression

C

1



 AkT Cg1 Ak 

1

to obtain an

extension to (D.18).

C  C AkT Cg  Ak C AkT  Ak C  C1  AkT Cg1 Ak 
1

1

(D.20)

Taking (D.15) we can expand to obtain



 
A   A     


1
 k 1   0   C AkT  Cgg  Ak C AkT   g0  G  k





  C AkT  Cgg  Ak C


56

T
k

1

k

k

0

(D.21)

We then take (D.21) and apply the “adding nothing” technique and another manipulation to obtain



 

1
 k 1   0   C AkT  Cgg  Ak C AkT   g0  G  k











 C C1  k   0  C C1  k   0





(D.22)



1
  C AkT  Cgg  Ak C AkT   Ak C C1  k   0





Simplifying further,



 
   

1
 k 1   k   C AkT  Cgg  Ak C AkT   g0  G  k


1
 C  C AkT  Cg  Ak C AkT  Ak C  C1



k

(D.23)

0

Finally, we use the Woodbury identities, (D.18) and (D.20) along with (D.23) to yield the solution,



1

   C  

 k 1   k   Ak T Cg1 Ak  C1  Ak T Cg1 g0  G  k
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1



k

 0



(D.24)
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